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ABSTRACT. In this paper we develop fundamental tools and methods to study meromorphic func- 
tions in an equivariant setup. As our main result we construct quotients of Rosenlicht-type for Stein 
spaces acted upon holomorphically by complex-reductive Lie groups and their algebraic subgroups. 
In particular, we show that in this setup invariant meromorphic functions separate orbits in general 
position. Applications to almost homogeneous spaces and principal orbit types are given. Further- 
more, we use the main result to investigate the relation between holomorphic and meromorphic in- 
variants for reductive group actions. As one important step in our proof we obtain a weak equivariant 
analogue of Narasimhan's embedding theorem for Stein spaces. 



1. Introduction 

One of the fundamental results relating invariant theory and the geometry of algebraic group 
actions is Rosenlicht's Theorem [Ros56, Thm. 2]: for any action of a linear algebraic group on 
an algebraic variety there exists a finite set of invariant rational functions that separate orbits in 
general position. Moreover, there exists a rational quotient, i.e., a Zariski-open invariant subset on 
which the action admits a geometric quotient. It is the purpose of this paper to study meromorphic 
functions invariant under holomorphic group actions and to construct quotients of Rosenlicht-type 
in the analytic category. 

Examples of non-algebraic holomorphic actions of C* on projective surfaces with nowhere Haus- 
dorff orbit space show that even in the compact analytic case an analogue of Rosenlicht's Theorem 
does not hold without further assumptions. If a complex-reductive group acts meromorphically on 
a compact Kahler space (and more generally a compact complex space of class c €), existence of 
meromorphic quotients was shown by Lieberman ||Lie78 l and Fujiki [Fuj78|. 



As a natural starting point in the non-compact case we consider group actions on spaces with 
rich function theory such as Stein spaces. Actions of reductive groups and their subgroups on 
these spaces are known to possess many features of algebraic group actions. However, while the 
holomorphic invariant theory in this setup is well understood, cf. HHei9U , invariant meromorphic 
functions until now have been less studied. 

In this paper we develop fundamental tools to study meromorphic functions in an equivariant 
setup. We use these tools to prove the following result, which provides a natural generalisation of 
Rosenlicht's Theorem to Stein spaces with actions of complex-reductive groups. 
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Main Theorem. Let H < G be an algebraic subgroup of a complex-reductive Lie group G and let Xbe a 
Stein G-space. Then, there exists an H-invariant Zariski-open dense subset Cl in X and a holomorphic map 
p: Cl — >• Q to a Stein space Q such that 

(1) the map p is a geometric quotient for the H-action on Cl, 

(2) the map p is universal with respect to H-stable analytic subsets of CI, 

(3) the map p is a submersion and realises Clas a topological fibre bundle over Q, 

(4) the map p extends to a weakly meromorphic map (in the sense of Stoll) from X to Q, 

(5) for every H-invariant meromorphic function f G ^x{X) H , there exists a unique meromorphic 
function f S ^#q(Q) such that f\a = f ° p, and 

(6) the H-invariant meromorphic functions on X separate the H-orbits in Cl. 

The idea of proof is to first establish a weak equivariant analogue of Remmert's and Narasimhan's 
embedding theorem for Stein spaces |Nar60 |. More precisely, given a G-irreducible Stein G-space 
we prove the existence of a G-equivariant holomorphic map into a finite-dimensional G-represen- 
tation space V that is a proper embedding when restricted to a big Zariski-open G-invariant subset, 
see Proposition |5.2| Since the G-action on V is algebraic, we may then apply Rosenlicht's Theorem 
to this linear action. Subsequently, a careful comparison of algebraic and holomorphic geometric 
quotients allows us to carry over the existence of a Rosenlicht-type quotient from V to X. 

The geometric quotient constructed in this paper provides us with a new and effective tool to 
investigate invariant meromorphic functions on Stein spaces. In the following we shortly describe 
two typical applications of our main result. 

Given a Stein G-space we show that every invariant meromorphic function is a quotient of two 
invariant holomorphic functions precisely if the generic fibre of the natural invariant-theoretic 
quotient n: X — > XII G contains a dense orbit, see Theorem 13.51 An important class of examples 
for this situation consists of representation spaces of semisimple groups G. 

An important fundamental result of Richardson [Ric74| states that in every connected Stein G- 
manifold there exists an open and dense subset on which all isotropy groups are conjugate in G. 
Under further assumptions on the group action we use the Main Theorem to sharpen Richardson's 
result by showing that there exists a Zariski-open subset on which the conjugacy class of stabiliser 
groups is constant, see Proposition 13.111 In particular, for every effective torus action on a Stein 
manifold we find a Zariski-open subset that is a principal fibre bundle over the meromorphic 
quotient, cf. Remark f3.14[ 

This paper is organised as follows. In Section 2 we introduce the necessary background on actions 
of complex-reductive groups and on related notions of quotient spaces. Furthermore, we shortly 
discuss the main technical tools used in this paper. In Sections 3 and 4 we give applications of the 
Main Theorem as well as some examples which illustrate that the result does not hold for non- 
algebraic subgroups of G. In Section 5 we establish the Weak Equivariant Embedding Theorem, 
before we prove the Main Theorem in the final Sections 6 and 7. 

2. PRELIMINARIES: DEFINITIONS AND TOOLS 

In the following, all complex spaces are assumed to be reduced and to have countable topology. If 
& is a sheaf on a complex space X, and U C X is an open subset, then JF(II) denotes the set of 
sections of & over U. By definition, analytic subsets of complex spaces are closed. Furthermore, an 
algebraic group is by definition linear algebraic, i.e., a closed algebraic subgroup of some GL^(C). 
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2.1. Actions of Lie groups. If L is a real Lie group, then a complex L-space Z is a complex space 
with a real-analytic action a: L x Z — > Z such that all the maps «g : Z — >■ Z, z i— > «(g, z) =: g • z are 
holomorphic. If L is a complex Lie group, a holomorphic L-space Z is a complex L-space such that the 
action map oc : L x Z — > Z is holomorphic. If X is at the same time a Stein space and a holomorphic 
L-space, we shortly say that X is a Stein L-space. A complex L-space is called L-irreducible if L acts 
transitively on the set of irreducible components of X. Note that in this case X is automatically 
pure-dimensional. If the set X/L of L-orbits can be endowed with the structure of a complex space 
such that the quotient map p : X —> X/L is holomorphic, then X is L-irreducible if and only if X/L 
is irreducible. In particular, under this condition ^ X /l(X/ L) and ^#x(X) L are fields. 

2.2. Geometric quotients. One of the main tasks in the proof of the Main Theorem is the construc- 
tion of a geometric quotients for the action of complex Lie groups on complex spaces in the sense 
of the following definition. 

Definition 2.1. Let L be a complex Lie group and let X be a holomorphic L-space. A geometric 
quotient for the action of L on X is a holomorphic map p : X — >■ Q onto a complex space Q such that 

(1) for all x € X, we have p^ 1 (p(x)) = L • x, 

(2) Q has the quotient topology with respect to p, 

(3) (7T^ X ) L = Q . 

If a geometric quotient p : X — > Q for the action of L exists, we can identify Q with the set of 
L-orbits in X and we will often write X/L instead of Q. The map p: X — > Q has the following 
universality property: for any G-invariant holomorphic map cp : X — > Y into a complex space Y 
there exists a uniquely defined holomorphic map (p : Q — > Y such that (p = (pop. We call a 
geometric quotient p : X — > Q universal with respect to invariant analytic subsets if for every such set 
A C X the restriction p\& '■ A — >■ p(A) is a geometric quotient for the L-action on A. Note that p(A) 
is always an analytic subset of Q, see Lemma [67TI 

Remark 2.2. We also use the corresponding concepts in the algebraic category. Note that in this 
case item (2) of Definition 12.11 requires the quotient to have the quotient Zariski-topology with 
respect to the map p. 

The following general existence result for geometric quotients in the algebraic category by Rosen- 
licht is the starting point of this paper. 

Theorem 2.3 (Thm. 2 of [Ros56|). Let H be a linear algebraic group and X an H-irreducible algebraic 
H-variety. Then, there exists an H-invariant Zariski-open dense subset U of X that admits a geometric 
quotient. Furthermore, this quotient fulfills C(U/H) = C(X) H . 

2.3. Analytic Hilbert quotients and slice-type stratification. Let G be a complex-reductive Lie 
group and X a holomorphic G-space. A complex space Y together with a G-invariant surjective 
holomorphic map n: X — > Y is called an analytic Hilbert quotient of X by the action of G if 

(1) re is a locally Stein map, and 

(2) (7T*^ X ) G = @y holds. 

An analytic Hilbert quotient of a holomorphic G-space X is unique up to biholomorphism once it 
exists, and we will denote it by X// G. This is the natural analogue of the concept of good quotient 
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or categorical quotient in Algebraic Geometry, cf. [BB02, Ch. 3]. Moreover, if X is an algebraic G- 
variety with a good quotient n: X — > X//G, then the associated map re : X h — > (X//G) h is an 
analytic Hilbert quotient, see ||Lun76| . If X is a Stein G-space, then the analytic Hilbert quotient 
n : X ->■ XII G exists, see IISno82l , IIHei91ll . It has the following properties, cf. IHMF98I : 

(1) Given a G-invariant holomorphic map cp: X — > Z to a complex space Z, there exists a 
unique holomorphic map (p : XII G — > Z such that (p = (p o rc. 

(2) For every Stein subspace A of X// G the inverse image n~ 1 (A) is a Stein subspace of X. 

(3) If A\ and A2 are G-invariant analytic (in particular, closed) subsets of X, then we have 
7t{A\) n 7r(A 2 ) = n{A\ n A 2 ). 

(4) For a G-invariant closed complex subspace A of X, which is defined by a G-invariant sheaf 

of ideals, the image sheaf (7T*^) G endows the image 7r(A) in X//G with the structure 
of a closed complex subspace of X//G. Moreover, the restriction of n to A is an analytic 
Hilbert quotient for the action of G on A. 

It follows that two points x, x' G X have the same image in X//G if and only if G • x (~l G • x' 7^ 0. 
For each a G X// G, the fibre 7T _1 (a) contains a unique closed G-orbit G • x. The orbit G • x is affine 
(see HSno82l Prop. 2.3 and 2.5]) and hence, the stabiliser G x of x in G is a complex-reductive Lie 
group by a result of Matsushima. 

Let G be a complex-reductive Lie group and let X be a holomorphic G-space with analytic Hilbert 
quotient. There exist two related important stratifications of the quotient X// G. The main reference 
for these stratifications in the algebraic case is MLun73[ Sect. III.2]. In the following we are going 
to use the notion of orbit type and of slice type as defined in [Hei88, Sect. 4]: If X is a G-irreducible 
Stein G-space and q G X// G, then there exists a unique closed G-orbit G • x in the fibre rc^ 1 (q). 
We define the slice type of q to be the type of the G x -representation on the Zariski tangent space 
T X X, i.e., the isomorphism class of the G-vector bundle G x Gv (T X X). Analogously, we denote by 
Type(G • x) the orbit type of x, i.e., the conjugacy class (G x ) in G of the isotropy subgroup G x of G 
at x. Using the holomorphic slice theorem and the corresponding results in the algebraic category 
one obtains the following result. 

Proposition 2.4. Let X be a G-irreducible holomorphic G-space with analytic Hilbert quotient n: X — > 
X/l G. The decomposition of XII G according to slice type defines a complex analytic stratification of the 
quotient XII G. In particular, in X//G there exists a maximal, Zariski-open stratum S max of the slice-type 
stratification. The orbit-type of closed orbits is constant on this stratum. Furthermore, the restriction of n 
to X max := 7r _1 (S ma x) realises X max as a holomorphic fibre bundle over S max . 

2.4. (Weakly) meromorphic maps and functions. Recall from [Rem57] and |Fis76, sect. 4.6] that 
there is a natural correspondence between meromorphic functions on a (pure-dimensional) com- 
plex space X and so-called meromorphic graphs, i.e., graphs of meromorphic maps from X to 
Pi = C U {00} that do not map any irreducible component of X to 00. For a meromorphic function 
/ on X we denote by Pf the pole variety of /. It is a nowhere dense analytic subset of X, and the 
smallest subset of X such that / is holomorphic on X \ Pf. We set dom(/) := X\Pf and we call it 
the domain of definition of/. 

Suppose now that a complex Lie group L acts on a complex space X. Then we have an induced 
action of L on the algebra ^#x(X) of meromorphic functions as follows. Let / be a meromorphic 
function on X with graph If C X x P^ The group L acts on X x Pi by the L-action on the first 
factor. Given g G L, we define a new meromorphic graph T g . j := g *T t C XxPj and hence 
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a meromorphic function g • / on X. In this way we obtain an action of L on ^#x(X) by algebra 
homomorphisms. A meromorphic function / G ./#x(X) is L-invariant if and only if its graph Tf is 
an L-invariant analytic subset of X x Pj. In this case the pole variety of / is an L-invariant analytic 
subset of X. 

The following definition is taken from [Sto58a| and |Sto58b|. It is useful when considering maps 
into (non-compactifiable) non-compact target spaces, as we will do in the following. 

Definition 2.5. Let X be a complex space and let A be a nowhere dense analytic subset of X. Let 
Y be a complex space. Then, a holomorphic map (p : X \ A — > Y is called weakly meromorphic, if for 
any point po £ A and any one-dimensional complex submanifold C of X with CnA = CC\A = 
{po} there exists at most one point qo £ Y with the following property: there exists a sequence 
(Pn)«eN C C \ A with lim„^oo p n = Po such that qo is the accumulation point of ((p(pn)) eN - 

Example 2.6. A meromorphic map is in particular weakly meromorphic, see |Sto58a. Satz 3.3]. 

3. Applications 

In the following sections we give applications of the Main Theorem to almost-homogeneous spaces 
(Section I3.1L to the problem of realising meromorphic invariants as quotients of holomorphic 
invariants (Section I3.2L to holomorphically convex spaces with actions of compact groups (Sec- 
tion |33]l, to the existence of principal orbits types (Section [3~4] >, and to actions of unipotent groups 
(Section |3.5l l. 

3.1. Characterising almost-homogeneous spaces. Using Rosenlicht's Theorem, we see that an al- 
gebraic variety is almost-homogeneous for a group G acting on X if and only if every G-invariant 
rational function on X is constant. As a corollary of our main result we obtain the corresponding 
result in the complex-analytic category: 

Proposition 3.1. Let X be a Stein G-space and let H be an algebraic subgroup of G. Then H has an open 
orbit in X if and only if^ x (X) H = C. 

Remark 3.2. Note that this can also be proven without using the Main Theorem: incase ^#x(X) H = 
C, clearly also ^x(X) G = C. A result of Snow IISno821 Cor. 5.6] impl ies that X naturally carries the 
structure of an affine algebraic G-variety. Consequently, X is almost-homogeneous by Rosenlicht's 
Theorem, see Theorem |2.3l 

3.2. The connection between holomorphic and meromorphic invariants. Let X be a G-irreduci- 
ble Stein G-space with analytic Hilbert quotient n: X — > XII G. Then clearly the field of invariant 
meromorphic functions ^x(X) G contains the field ^#x/g(X//G) of meromorphic functions on 
XII G via the pull-back morphism 

(3.1) 7i* : ^x/c(X//G) ^x(X) G . 

Using our main result, in this section we describe the image of re* in ^#x(X) G and we characterise 
those spaces for which re* is an isomorphism. Furthermore, we give examples why in general this 
cannot be expected. It follows that in most situations the information encoded in the Rosenlich- 
type quotient constructed in the Main Theorem cannot be recovered from the analytic Hilbert 
quotient XII G. 

The following result characterises the image of n* in ^#x(X) G . 
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Proposition 3.3. Let Xbe a G-irreducible Stein G-space with analytic Hilbert quotient n: X — >• X//G. A 
function f G ^x(X) G is contained in Im(7r*) if and only if there exist p,q G <^x(X) G , q / 0, such that 

f = p/q- 

Proof. If / = p/q for p,q £ i^x(X) G , q ^ 0, then by the universal properties of the analytic 
Hilbert quotient there exist holomorphic functions p and q on X//G such p = n*p and ^ = 7r*^, 
respectively. Consequently / is the pull-back of the meromorphic function p/q G ^x/g{X// G). 
Conversely assume that / = jt*/ for some / G &x/g{X// G). Since X// G is Stein, the Poincare 
problem on X// G is universally solvable, see for example HGR791 Ch. 4, §2, Thm. 4]; i.e., there exist 
holomorphic functions p,q G <^x/g(X//G), ^ ^ 0, such that / = p/^. Then, / = n*p/n*q is a 
quotient of holomorphic invariants. □ 

The following example shows that the inclusion 03. 1 D is strict in general. 

Example 3.4. Consider the action of C* on C 2 by scalar multiplication. Then, the meromorphic 
function f(z,w) = z/w is C*-invariant. However, the analytic Hilbert quotient is 7r: C 2 — >• 
{point}, so that / is not the pull-back of a meromorphic function via n. In order to construct 
an example for a semisimple group action from this one, let T < G = SL-2(C) be the maximal torus 
of diagonal matrices. Consider the diagonal action of T on the product G x C 2 , where T = C* 
acts on C 2 by scalar multiplication as above. The group G acts holomorphically on the quotient 
X := G x T C 2 by this T-action. By construction we have X//G = C 2 //T = {point}. Furthermore, 
the G-invariant rational function on X defined by f[g, (z,w)~\ = z/w is not a pull-back via the 
quotient map X — > {point}. 

The following result characterises those Stein G-spaces for which any meromorphic invariant is a 
quotient of two holomorphic invariants, i.e., those spaces for which n* is an isomorphism. 

Theorem 3.5. Let Xbe a G-irreducible Stein G-space with analytic Hilbert quotient n : X — > X// G. Then, 
the following are equivalent: 

a) There exists a non-empty open subset U C X//G such that for all q G U the fibre n^ 1 (q) contains 
a dense G-orbit. 

b) There exists a non-empty Zariski-open subset U C X//G such that for all q G U the fibre 7i^ 1 (q) 
contains a dense G-orbit. 

c) The pull-back map n* establishes an isomorphism between ^ X //g(X//G) and ^x(X) G . 

Before we prove Theorem |3.5| we list a few typical situations where it can be applied. 

Corollary 3.6. Let X be a G-irreducible Stein G-space with analytic Hilbert quotient n: X — > X//G. 
Assume that there exists a point x G X such that tc~ x (7i(x)) = G • x. Then, the pull-back n* establishes 
an isomorphism between ^ X //g(X//G) and ^#x(X) G . 

Proof. Under the hypotheses of the corollary, there exists a non-empty Zariski-open subset U C 
X//G such that for all q G U the fibre n^ 1 (q) consists of a single G-orbit. Hence, Theorem 13.51 
applies. □ 

Corollary 3.7. Let Gbea semisimple algebraic group and let Xbe a G-irreducible affine algebraic G-variety 
with factorial coordinate ring. Then, *^x/g(X// G) and ^x(X) G are isomorphic via n*. 

Remark 3.8. The assumptions of Corollary |3.7| are in particular fulfilled for X = V a representation 
space of a semisimple group. 
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Proo f o f Corollary |3, 71 Under the hypotheses of the corollary the generic fibre of the morphism 
rc: X — > Spec(C[X] G ) to the invariant-theoretic quotient contains a dense G-orbit, see for ex- 
ample BPV941 §3.2]. Since the corresponding map n h : X h — > (Spec(C[X] G ))'' of complex spaces is 
the analytic Hilbert quotient of the Stein space X h , Theorem l3.5l applies. □ 

In the remainder of the present section we prove Theorem l3.5l 

Proof of Theorem 1331 The implication b) => a) is clear. As a second step we prove a) => b). Let 
Smax C XII G be the maximal slice-type stratum, cf. Section [231 and let X max = 7r _1 (S max ). Since 
S max is dense in X//G, there exists a point q G U n S max . Recall from Proposition 12.41 that the 
map 5r|x max realises X max as a holomorphic fibre bundle over S max with typical fibre tt ^(^). It 
therefore follows from the assumption in a) that for every q' G S max the fibre rc^ 1 {q') contains a 
dense G-orbit. 

Next we prove c) =>- b). Suppose on the contrary that the fibre n~ l {q) does not contain a dense 
G-orbit for any q G S max . Let Q be a Zariski-open subset with geometric quotient whose existence 
is guaranteed by the Main Theorem. We may assume that Q is contained in X max . Since O is 
Zariski-open and dense in X max/ for generic q G S max the intersection Q n Ti^ 1 (q) is Zariski-open 
and dense in n^ 1 (q). By assumption, this intersection therefore contains two distinct G-orbits 
G • x\ ^ G • Xj. By part (5) of the Main Theorem, there exist an / G ^x{X) G whose values at %\ 
and xi are well-defined and distinct. Consequently, / is not contained in Im(7r*), a contradiction. 

Finally, we prove implication b) => c). We first study the local geometry of the quotient map 
7T : X — > X/l G under the hypotheses of b). As in the previous paragraph, let Q be a Zariski- 
open subset with geometric quotient p : Q — > Q. Without loss of generality we may assume that 
Q C X max . Let xq G O be chosen such that p(xo) and k{xq) are smooth points of Q and X// G, 
respectively, and such that G • xq is dense in 7r _1 (7r(xo)). Since 7r|x max : X max — > S max is a holo- 
morphic fibre bundle there exists a local holomorphic section a: U — > X of 7i|x max through xq, 
defined on a neighbourhood U of ti{xq) in X/l G. Since xq G O, we may assume that cr(U) C Q. 
The situation is sketched in Figure 1. 



closed orbit 



open orbit 
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FIGURE 1. The local geometry of the quotient map 



Note that U := G • cr(U) C Qis open and that 7t|q: U —> U parametrises the G-orbits in U 
set-theoretically. Since Q carries the quotient topology with respect to p, the set p(U) is an open 
neighbourhood of p(x) in Q. By the choice of Xq, shrinking U if necessary, we may assume that 
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both U and U are smooth. Since n is a G-invariant holomorphic map, its restriction to O induces a 
uniquely defined holomorphic map ft: Q — >• XII G such that the diagram 

X^ 3 Q 

v 

XII G Q 



commutes. By construction, the induced map 7t\ ^y. p(U) — > U is a holomorphic bijection 
between complex manifolds, hence biholomorphic. 

Let now / G ^x(X) be given, and let Tf C X x Pi be its graph. It is our aim to show that / 
descends to a meromorphic function on X//G. The idea of the proof is to show that the image 
Tc(Pf) of the pole variety Pf of / is nowhere dense in X// G in order to apply Proposition 5.2 of 
MGrel Oal. To this end, we consider the restricted functions f\q G J?x{U) G as well as f\ n -i(u) £ 

Subclaim. There exists f G J% X //g{U) such that f\ n -im) = Tt*f. 

Proof of the subclaim. Denote the graph of f\ n -im) by r', m d set r := T' f~l (U x Pi). Note that T 
coincides with the graph of We define IT := Tc\ n ^ir u \ x idpj : 7r _1 (ii) xPj — > IT x P x and 
P := p\q x idpj : lixF] — > x Pj. The map n is an analytic Hilbert quotient, and P is a 

geometric quotient for the respective G-actions on 7r _1 (U) x Pi and U x Pi. With this notation 
we summarise our setup in the following commutative diagram 

r' C Ti^iU) x Pi 5 Q x Pi d f 



n 



p 



U x Pi ^ — ^p(ii) x Pi. 

The function /|q descends to a meromorphic function on p(U) C Q with graph P(T), cf. the proof 
of part (1) of Proposition 17.21 Furthermore, we note that n(P(f)) is analytic, hence closed in 
U x Pi. From this and the fact that T is Zariski-open, hence dense in the G-irreducible space T' it 
follows that 



n(r') = n(r) = n(p(r)) = n(p(r)). 

Here, ~^ denotes the topological closure in U x Pi. Consequently, n(r') is a meromorphic graph 
over U associated with a meromorphic function / G ^x//g{U) fulfilling f\ TZ -i(u) = 7t*f. □ 

Finally, we consider the pole variety Pf of / and its image 7z(Pj) in X// G. Note that 7r(P/) n 
U coincides with the image under n of the pole variety of f\ n -injy The subclaim implies that 
f\ n -inj) = TC*f for some / G ^#x/g(^)- Consequently, n(Pf) n U is nowhere dense in U. Since 
Tc(Pf) is analytic in the irreducible complex space X// G, we deduce that Ti(Pf) is nowhere dense 
in X/l G. By Proposition 5.2 in [GrelOa|, this implies that the image of T j under the map n x 
idpj : X x Pi — > XII G x Pi is a meromorphic graph over X// G and that / descends to X// G. This 
completes the proof of b) => c). □ 
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3.3. Holomorphically convex K-spaces. In this section we consider applications of the main result 
to spaces without actions of complex groups, e.g. bounded domains. 

Proposition 3.9. Let Xbea K-irreducible complex K-space of dimension n and set 

m := max{dim c (T x {K » x) + / • T X (K • x))}. 

xex 

Suppose that there exist a Stein K-space Y and an equivariant surjection cp: X — >• Y which is injective out- 
side a nowhere dense K-invariant analytic set A C X. Then, there exist (n — m) analytically independent 
K-invariant meromorphic functions on X. 

Remark 3.10. Proposition |3.9| in particular applies to strongly pseudoconvex (also called 1-convex) 
complex spaces or, more generally, to holomorphically convex spaces whose Remmert reduction 
is a proper modification. 

Proof of Proposition 13.91 Let G = K c be the complexification of K. According to the main result 
of [Hei91 1 there exist a Stein G-space Y c and a K-equivariant open embedding i: Y — >■ Y c such 
that Y c = G • z(Y). Then, applying our Main Theorem we obtain a G-invariant Zariski-open 
subset Q C Y c such that the geometric quotient p:Q— > Q = Cl/ G exists. 

Since cp is surjective and injective outside A, we have dimY c = n. Moreover, the maximal di- 
mension of the G-orbits in Y c is m; hence, dimQ/ G = n — m. By part (5) of the Main Theorem 
the G-invariant meromorphic functions separate the G-orbits in Q. This implies there exist at least 
n — m analytically independent G-invariant meromorphic functions on Y c . Restricting these to Y 
and pulling them back to X via op yields the desired K-invariant meromorphic functions on X. □ 

3.4. Actions with reductive generic stabiliser. For G-connected Stein G-manifolds Richardson 
[Ric74| proves the existence of a principal orbit type in the following sense: in every such manifold 
there exists an open and dense subset U such that the stabiliser groups of points in U are conjug- 
ate in G. Here, we sharpen his result in the case of reductive stabiliser groups and draw a few 
consequences. 

Proposition 3.11. Let G be a complex-reductive Lie group and let X be a G-connected Stein G-manifold. 
Assume that the principal orbit type is reductive. Then, 

(1) in the statement of the Main Theorem the set Q can be chosen in such a way that for all x,y € Q 
there exists a g G G with G y = gG x g~ l . In particular, there exists a G-invariant Zariski-open 
dense subset ofX consisting of orbits of principal orbit type; 

(2) additionally, Q can be chosen such that p: O — >• Qisan analytic Hilbert quotient. In particular, Q 
is Stein and p: Q — >• Qis a holomorphic fibre bundle with typical fibre G/ G x . 

Remarks 3.12. (1) The assumption on the stabiliser groups is equivalent to the requirement that 
the normaliser Ng{G x ) be reductive, see [RV04, proof of Thm. 1.2(ii)]. 

(2) The assumption on the stabiliser groups is automatically fulfilled by any commutative reduct- 
ive group acting on a connected Stein manifold. 

As a special case of Proposition 13.111 we explicitly note the result for the case of generically free 
actions. 
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Corollary 3.13. Let G be a complex-reductive Lie group and let X be a G-connected Stein G-manifold. 
Assume that the action is generically free. Then, in the statement of the Main Theorem the set Q can be 
chosen such that p: Q — > Qis a G-principal fibre bundle. 

Remark 3.14. The additional assumption of Corollary 13.131 is automatically fulfilled by any com- 
mutative reductive group acting effectively on a connected Stein manifold, as can be seen using 
the holomorphic Slice Theorem. 

Proof of Proposition 13.111 (1) Let (p: X — > V be a map from X to a G-representation space V of the 
form guaranteed by the Weak Equivariant Embedding Theorem, Proposition 15.21 Let Y be the 
algebraic Zariski-closure of (p(X) in V, cf. Section [631 Then, for any y G Y, we let G y = L y \xU y be 
the Levi decomposition of the stabiliser Gy. By a further result of Richardson ||Ric72l Thm. 9.3.1], 
there exists a G-invariant smooth Zariski-open subset W of Y such that Iy is conjugate to L y in G 
for all y,y' G W and such that (U y ) yG w is an algebraic family of algebraic subgroups of G in the 
sense of [|Ric72l Def. 6.2.1]. Owing to the definition of Y, the image (p(X) intersects W non-trivially. 
By the assumption on the principal orbit type there exists a point i/o G Wfl </>(X max ) such that 
G yo = L yo and U yo = {e}. Since the (Uy)y 6 w form an algebraic family, we may assume that the 
number of connected components of U y is constant for all y G W. Consequently, since yo G W, the 
group Uy is zero-dimensional and connected for all y G W, therefore trivial. It follows that G y is 
conjugate to Gy in G for all y, y' G W. Consequently, the same is true for any pair of points in the 
Zariski-open G-invariant subset cp^ 1 (W) Pi X max of X. Intersecting the set guaranteed by the Main 
Theorem with _1 (W) n X 

max we arrive at the desired result. 

(2) We have seen that in the affine algebraic variety Y there exists a Zariski-open and dense subset 
W such that G x is reductive for all x G W. Hence, the existence of a Zariski-open subset Q such 
that p : O — > Q is an analytic Hilbert quotient is a consequence of Lemma 13.151 below. The fact 
that the quotient map is a holomorphic fibre bundle then follows by combining part (1) with the 
holomorphic Slice Theorem, cf. Proposition l2.4l and !ILun73l Cor. 3.2.5]. □ 

Lemma 3.15. Let X be an algebraic G-variety. Assume that for x EX in general position the stabiliser G x 
is reductive. Then, there exists a non-empty Zariski-open affine G-invariant subset U in X such that the 
action ofGonU admits a good geometric quotient. The associated map Lr — > (U/G) h of complex spaces 
is an analytic Hilbert quotient. 

Proof. By a result of Reichstein and Vonessen [RV04| there exists a birational G-equivariant map 
cp: X ---> Y to an affine G-variety Y with the following property: if TZy: Y — > Y II G denotes the 
categorical good quotient, then the set Y st := {y G Y | ny 1 (nyiy)) = G • y} is non-empty. Without 
loss of generality, we may assume that Y st is affine and that (p~ l \yst : Y st — > X is an isomorphism 
onto its image. This shows the first claim. The second claim is a consequence of ||Lun76| . □ 

3.5. Unipotent groups. In this section we discuss consequences of our main result for actions of 
unipotent groups. 

Proposition 3.16. Let H < G be a unipotent algebraic subgroup of a complex-reductive Lie group and 
let X be a Stein G-space. Then, every H-orbit in X is closed. Furthermore, the topological quotient X/H 
is generically Hausdorff and there exists a H-invariant Zariski-open dense subset U of X such that the 
restriction of the topological quotient p : X — > X/H to U is a geometric quotient in the category of complex 
spaces. 
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Proof. Assuming that every H-orbit is closed, the remaining statements follow directly from the 
Main Theorem. So, let H • x C X be any H-orbit. Then, clearly H • x C G • x. However, the fibre 
7T _1 (tc(x)) D G • x of the analytic Hilbert quotient n: X — > X//G carries a natural affine algebraic 
structure with respect to which the G-action is algebraic, see |Sno82j Cor. 5.6]. Since H < G is 
algebraic by assumption, by the corresponding result in the affine algebraic case (which is proven 
for example in flBir71[ Appendix]) the orbit H • x is closed in n~ l (n(x)) and hence in X. □ 

Example 3.17. There exists a domain of holomorphy D in C 2 endowed with a free holomorphic 
action of H = C such that the topological closure of every H-orbit is a real hypersurface in D, 
cf. MHOV941 Sect. 7-8]. In particular, there is no open C-invariant subset O in D such that Q/C 
is Hausdorff. Hence, we cannot expect holomorphic actions of algebraic groups to have any of 
the properties stated in the Main Theorem if they do not extend to holomorphic actions of some 
complex-reductive group. 

4. Examples 

In the analytic setup the question of existence of a Rosenlicht quotient consists of the following 
two parts: 

(1) Does there exist a Zariski-open subset on which the action of G admits a geometric quo- 
tient? 

(2) Do the invariant meromorphic functions separate the G-orbits in general position? 

In the following we are going to describe examples showing that the assumption made in the Main 
Theorem are indeed necessary to obtain a positive answer to both questions. 

In the Main Theorem it is assumed that the group H under discussion is an algebraic subgroup of 
a reductive group acting on X. The following examples show that this algebraicity assumption is 
indeed necessary in order to obtain a geometric quotient. All these examples deal with actions of 
discrete groups, which we denote by T instead of H. 

Example 4.1. Let G = C* x C* and let T = Z 2 be the discrete subgroup generated by the elements 
e and e~ n . Furthermore, consider the subgroup M = diag(C*). Then, the quotient X = G/ Mis 
isomorphic to C* via the map [(z, w)\ i— >■ z/ w, and the induced Z 2 -action is given by (mi, mj) • z = 
e m 1 +m 2 7r p Qr ac tj on there does not even exist an open subset of C* that admits a Hausdorff 
topological quotient. 

Note that the action of the ambient reductive group G is not effective in the above example. The 
next example shows that even if the G-action is effective geometric quotients for non-algebraic 
subgroups might not exist. 

Example 4.2. We consider the action of the discrete subgroup T := SL,2(Z) of G := SL2(C) on the 
homogeneous Stein manifold X = G/T, where T is the maximal torus of diagonal matrices in G. 
We claim that there does not exist a T-invariant Zariski-open subset U of X such that the quotient 
U/T is Hausdorff. First, we consider an explicit realisation of this action. Taking a regular element 
£ G t = Lie(T) we have Ad(G)£ = G/T. Note that the ring of invariants C[g] G for the adjoint 
action of G on its Lie algebra g is equal to C[det]. An element £ G g is regular if and only if 
det(£) 0. Therefore, G/T can be identified with 

|(x,i/,z)GC 3 ;det^ ^ = -l} . 
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The r-action on X = G/T in this realization is induced by conjugation. As an auxiliary tool, we 
are going to consider the induced action of C and of the discrete subgroup Z < C on X given by 
the embedding of C into SL2(C) as upper triangular matrices. Explicitly for t G C we obtain 

(4.1) t • (x,y,z) = (x + tz,y - 2tx - t 2 z,z). 

Let now U be any T-invariant Zariski-open subset of X. Since there are no T-invariant analytic 
hypersurfaces in G (see !Ahi82| , or |HQ84l §2.2, Ex.2] for an elementary proof) there are no such 
hypersurfaces in X either. Consequently, the complement A := X \ U has pure codimension two 
in X, i.e., A is a discrete set of points. The map p: X — >■ C, p(x,y,z) = z is C-invariant, the fibre 
p _1 (fl) for a ^ consists of a single orbit. However, the fiber p _1 (0) is the union of the two C- 
orbits C • (1,0,0) = {(l,y,0) ; y G C} and C • (-1,0,0) = {(-l,y,0) ; y G C}, which cannot be 
separated by C-invariant open neighbourhoods. Hence, X/C is not Hausdorff. 

We show by direct calculation that U/T is not Hausdorff, either. Since A consists of isolated points, 
there exists yo G C \ Q such that both (l,yo,0) and ( — l,yo,0) are contained in U. Using that yo is 
irrational, one checks by direct computation that these two points lie in different T-orbits. We are 
going to show that the orbits T • (l,yo,0) and T • (— l,yo,0) cannot be separated by invariant open 
sets. To this end, let V be any open T-invariant neighbourhood of (1, yo, 0) in LI. Since A is discrete, 
for all integers m 3> the points p m : = (l,yo, —2/ m) are contained in V. Using (|4.1|l we compute 

m*p m = (l + m- — ,y - 2m - m 2 ■ — , — J = ( -l,yo, — J G V. 
\ m m m J \ m J 

If W is any open neighbourhood of (—1, yo, 0) in U, then by the above computation m • p m G W for 
hi>0. Since the Z-orbits of the p m are contained in the corresponding T-orbits, every T-invariant 
neighbourhood V of (l,yo,0) thus intersects every open neighbourhood W of (— l,yo,0), so U/T 
cannot be Hausdorff. 

As a concluding remark, note that by removing the fibre p _1 (0) from X we obtain a Zariski-open 
C-invariant subset of X on which the C-action admits a Hausdorff quotient, in accordance with 
Rosenlicht's Theorem and with the main result of this paper. 

In the case of non-algebraic subgroups acting on Stein manifolds the invariant meromorphic func- 
tions do not necessarily separate generic orbits, even if a meromorphic quotient exists. This is 
exemplified in the following. 

Example 4.3. We consider the subgroup T := SL2(Z) of SL2(C) acting on the Stein manifold 
X = SL2(C) by 7 • g = gj^ 1 . Then, the action is proper and free, and hence the geometric quotient 
X/T exists. Let U be any T-invariant analytically Zariski-open subset of X. Then U/T exists and is 
biholomorphic to the image of U in the quotient X/T. Using that there are no T-invariant hyper- 
surfaces in SL2(C) we see that the complement of U in X has no codimension-one components. It 
follows that every T-invariant meromorphic function on U extends to a T-invariant meromorphic 
function on the whole of X by Levi's Theorem. However, because of the non-existence of invariant 
hypersurfaces, the pole variety of every T-invariant meromorphic function on X is empty. Hence, 
every such function is holomorphic, and therefore constant. 

5. A WEAK EQUIVARIANT EMBEDDING THEOREM 

In the following let X be a G-irreducible Stein G-space for a complex-reductive Lie group G. The 
main technical ingredient in the proof of our main result is an equivariant version of the following 
result of Remmert and Narasimhan: 
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Theorem 5.1 (|Nar60 |). Let X be a finite-dimensional Stein space. Then there exist a finite dimensional 
complex vector space V and a proper injective holomorphic map (p : X — > V that is an immersion on X\ 

X-sing- 

In this paper a holomorphic map cp : X — > Y from a Stein space X into an affine variety Y is called 
a Narasimhan map if cp is proper injective and if <p\x\x- is an immersion. 

In the folllowing we will investigate to what extend there exists an equivariant version of this 
fundamental result. 

Suppose that the Stein G-space X admits an equivariant Narasimhan map (p : X — >• V into a finite- 
dimensional G-representation space V. In this situation the stratification of X//G into orbit-types 
is necessarily finite. In contrast, Heinzner [Hei88. Sect. 3] has given an example of a Stein C*- 
manifold that contains a sequence of points {x n } lying in closed C*-orbits and having isotropy 
groups C* n = Zp n , where {p n } is a sequence of prime numbers such that lim n ^oo p„ = oo. Hence, 
the first guess for an equivariant version of Theorem 15 . 1 1 does not lead to the desired result. 

The problems encountered in the above example are caused be the appearance of "too many" 
different isotropy groups and slice-representations for our given action. However, recall from Pro- 
position 123] that there exists a maximal, Zariski-open stratum S max in X// G over which the type of 
the slice representation is constant. Using the methods of [Hei88 1 we prove the following equivari- 
ant version of Theorem 15. II 

Proposition 5.2 (Weak Equivariant Embedding Theorem). Let X be a G-irreducible Stein G-space 
with associated analytic Hilbert quotient n: X — > XII G. Let S max be the maximal stratum of the slice-type 
stratification, and X max := 7r _1 (S ma x)- Then there exists a finite-dimensional G-module V with analytic 
Hilbert quotient TCy\ V — >■ V//G, and a holomorphic G-equivariant map <p: X — ► V with the following 
properties: 

(1) The induced holomorphic map (p: XII G — > V//G is a Narasimhan map and 

(2) the induced holomorphic map 

4>|x max : X max -> y max := V \ Tty 1 ^^)) 

is a closed embedding. 

The main technical part in the proof of Proposition 15.21 is contained in the following lemma, the 
proof of which is adapted from [Hei88, Sect.4, Lemma 1]. For the reader's convenience we describe 
the arguments here in some detail. In the following we write A max : = A n S max for any analytic 
subset A CX//G. 

Lemma 5.3. Let Xbea G-irreducible Stein G-space and let n: X — > X//G be its analytic Hilbert quotient. 
For any analytic subset A of XII G that intersects the maximal slice-type stratum S max non-trivially the 
following holds: 

(1) There exists an analytic subset A' of A with dim(A max ) < dim(A max ), a complex G-module V\, 
and an equivariant holomorphic map (p:X^V\ that is an immersion along 7r _1 (A max \ A' max ). 

(2) There exists an analytic subset A" of A with dim(A max ) < dim(A max ), a complex G-module 
Vi, and an equivariant holomorphic map \p : X — > Vj whose restriction to every closed G-orbit in 
7r _1 (A max \ A max ) is a proper embedding. 

Proof. Let A C X//G be an analytic subset such that A max ^ 0. Removing the irreducible com- 
ponents which are not of maximal dimension, we may assume without loss of generality that A max 
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is pure-dimensional. We denote the irreducible components of A max by A{, i G I, and choose for 
every i G I a point p,- G Aj \ [jj^i Aj. For each i, let Xj G 7r _1 (p ; ) be a point lying in the unique 
closed G-orbit in this fibre. 

The slice type of every point x,, i G J, is equal to a fixed model G XffW. This model admits 
an equivariant holomorphic embedding into a G-module V\. By the holomorphic Slice Theorem 
( IISno 82|), for each i G / we can choose a small neighbourhood IT; of p; in X such that 7r _1 (ii,) has 
a G-equivariant holomorphic embedding into a saturated open subset of the G-module V\. Ap- 
plication of |Hei88j Sect. 1, Prop. 1] to the induced map {Ji<=i n ~~ ^ yields a G-equivariant 
holomorphic map (p: X — > V\ that is an immersion along \Jiei 71 \Pi)- The set 

R := {x G X | <p is not an immersion in x} 

is a G-invariant analytic subset of X. It follows that A' := n(R) (~l A is an analytic subset of A. 
Since the map (p is an immersion at every point in (Jfej 71 we conclude that dim(Aj nax ) < 

dim(A max ), as desired. 

Let us now prove the second claim. Since by definition the slice type is constant on S max/ all 
orbits G • x, have the same orbit type (H), where H is a complex-reductive subgroup of G. Since 
there is a proper equivariant embedding of G/H into some G-module Vj, there exists a proper 
holomorphic map U/e/G • X, — >■ V^- By [Hei88. Sect. 1, Bemerkung 2] this map extends to a G- 
equivariant holomorphic map xp : X — >■ V2 such that ip\c • is a proper embedding for each z' G J. 

Let 7iv 2 '■ Vi — V V2//G be the analytic Hilbert quotient. For q G V2//G we set Type(^) := Type(G • q) 
and define 

C:={qE V 2 //G | Type^) < H} C V 2 //G. 

Then O := V 2 \ ^(C) is an algebraically Zariski-open G-saturated subset of V2, see ||Lun73l 
Ch. III]. Note that we have ipfa) G O for all i G I. Let ^: X//G ->■ V 2 //Gbe the induced map and 
set A" := ^ (C), which is an analytic subset of XII G. We want to show that for every x G X such 
that G • x is closed with zr(x) G A max \ A'^ ax the restriction of ip to G • x is a proper embedding 
into V2- 

For this suppose that xp(G • x) = G • i/?(x) is not closed. Then there is a unique closed G-orbit 
G • 57 C Q in the closure of G • ip(x) and for this orbit we have Type(G • v) < Type(G • ip(x)) < 
Type(G • x) = (H), a contradiction. Consequently G • ip(x) must be closed in V and, since it 
lies in Q, we have Type(G • ip(x)) = (H). Therefore, xp: G • x — > G • tp(x) is an isomorphism, 
hence ip | q • x is a proper embedding. Finally, since all the x, are contained in A max \ A^ ax , clearly 
dim(A^ ax ) < dim(A 

max)/ 3s claimed. D 
Now we are in the position to give the proof of Froposition |5.2| 

Proof of Proposition 15.21 Let X be a G-irreducible Stein G-space with associated analytic Hilbert quo- 
tient 71 : X — >• XII G. Let q>Q \ X// G — > Vq be a Narasimhan map and <pQ\ X — >• Vb the lifted map 
^0 : = ^0 77 • By a repeated application of the first part of Lemma 15.31 we obtain an equivariant 
holomorphic map (p\ : X — > V\ to a complex G-module V\ that is an immersion at every point in 
5T _1 (S m ax)- Additionally by a repeated application of the second part of the same lemma we ob- 
tain an equivariant holomorphic map xp : X — >■ V2 into a complex G-module whose restriction to 
every closed orbit in 7r _1 (S max ) is a closed embedding. Let V := Vb © Vi © V2 and let <p: X — > V 
be the product map. 
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Let 7Ty: V —> V // G denote the quotient by the G-action and let <p: X//G — >■ V//G be the in- 
duced map. Since <p is proper (we started with <po which was assumed to be a Narasimhan 
map), the image of S max := (X// G) \ S max under cp is an analytic subset of V // G. The restric- 
tion </>|x max : X max — » V \ 7Ty 1 (^'(S^ iax )) =: Vmax is an immersion and a closed embedding when 
restricted to any closed orbit in X max . By [Hei88. Sect. 2, Prop. 2] the restriction of <p to every fibre 
of n is a closed embedding. Hence, cp is an injective immersion, since (p separates the points of 
Smax- It therefore remains to check that <p\x max is proper, which can be done the same way as in the 
last paragraph in the proof of [GrelObi Thm. 9.6]. □ 



6. Constructing geometric quotients 

We continue to consider the action of a complex-reductive group G on a Stein space X as well as 
the induced action of an algebraic subgroup H of G. In this section we prove the existence of an 
H-invariant Zariski-open dense subset O of X that admits a geometric quotient p : O — > Q with 
the properties listed in parts (1) - (3) of the Main Theorem. 

The idea of proof is to use the Weak Equivariant Embedding Theorem established above in order 
to reduce to an algebraic situation. Then classical results on algebraic transformation groups and 
especially Rosenlicht's theorem will allow us to show the existence of geometric quotients for 
algebraic subgroups H C G. 

In order to avoid the corresponding technical difficulties we show in Section [67T1 that it is sufficient 
to treat the H-irreducible case. In Section [6T2l we then discuss the universality properties of (al- 
gebraic) geometric quotients before we prove the existence of geometric H-quotients in the final 
subsection. 

6.1. Reduction to H-irreducible Stein G-spaces. Let X be a Stein G-space, and H an algebraic 
subgroup of G. Suppose that the Main Theorem is proven under the additional asumption that X 
is H-irreducible. 

Let X = Ufli X, be the decomposition of X into its H-irreducible components. Then, we may 
apply the Main Theorem to each of the components X, and obtain H-invariant Zariski-open dense 
subsets Q, C Xj with geometric quotients Q, — > O,/ H. Note that we can choose Q, to be contained 
in X; \ Ujt^i Xfc- It follows that the disjoint union of the sets Q, is H-invariant, Zariski-open and 
dense in X. Furthermore, it admits a geometric quotient 0^L 1 O I - — > |j-^ =1 (Q ! /H) by the H-action 
with the properties listed in the Main Theorem. 

6.2. Universality of geometric quotients. First, we discuss the universality properties of geomet- 
ric quotients with respect to invariant analytic subsets. 

Lemma 6.1. Let L be a complex Lie group and let X be an L-irreducible holomorphic L-space admitting 
a geometric quotient p: X — > X/L. If A C X is an L-invariant analytic subset of X, then p(A) is an 
analytic subset of X/L. 

Proof. Since the geometric quotient p : X — > X/L exists, we conclude from [Hol63, §3, Satz 7] that 
all L-orbits are analytic in X and have the same dimension. Hence, the corollary in Section 3.7 
of |Fis761 applies to show that p{A) is locally analytic in X/ L. Since the image of an L-invariant 
closed set under p is again closed, the set p(A) is analytic in X/ L. □ 
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More can be said if the quotient map p: X — >• X/L is assumed to be a submersion: 

Lemma 6.2. Let Lbe a complex Lie group and let X be an L-irreducible holomorphic L-space admitting a 
geometric quotient p: X — > X/L. Suppose that p is a submersion. Then, p is universal with respect to 
L-invariant analytic sets ofX. 

Proof. Given an L-invariant analytic subset A of X, we must show that the map p\ A - A — ► p(A) 
fulfills properties (1) - (3) of Definition 12.11 We already know from Lemma |6. II that p(A) is an 
analytic subset of X/L. The fibres of p\a are G-orbits, since the same is true for p. Hence, it 
remains to show that p(A) carries the quotient topology with respect to p\a and that the structure 
sheaf of p(A) as a reduced complex subspace of X/L is isomorphic to the sheaf of L-invariant 
holomorphic functions on A. 

Using that X/L carries the quotient topology with respect to p one checks directly that the same 
is true for A and p\a- Let U C A be an L-invariant open subset. By definition of the subspace 
topology on A, there exists an open subset U in X such that U n A = U. Then, U := G • U is 
G-invariant, open, and still fulfills U D A = U. Consequently, p(U) is open in X/ L and we have 
P\a(U) = p(U) (~l p{A). Hence, p\a(U) is open in p(A). 

It remains to consider the structure sheaves. For this let U C A be an L-invariant open subset and 
let / 6 &(U) L . Then there is a continuous function /: p(U) — > C with / = p*f and we must show 
/ £ ^p(A) {pQl))- Since this assertion is local, we may apply KFis76t Thm. in §2.18] to p and obtain, 
after possibly shrinking U, a commutative diagram 

U "D x V 




where U is an open subset of X such that U = U D A, where V is an open subset of X/L such that 
p(U) C V, and where D is a domain in C N for N = dimX — dimX/L. In this picture we have 
$(A) = D x p(A) and / o xp^ 1 (z,y) = f(y) for y G Hence, / is indeed holomorphic on 

p{U), as was to be shown. □ 

Remark 6.3. Lemma I6.2I can be used to prove the following observation which might be of inde- 
pendent interest: Let H be an algebraic group and let X be an algebraic H-irreducible H-variety 
admitting an (algebraic) geometric quotient p: X X/H such that p is a submersion. If A C X is 
an H-invariant analytic subset, then p\ A : A — > p{A) is a (holomorphic) geometric H-quotient. 

6.3. Existence of geometric quotients for algebraic subgroups of G. Let G be complex-reductive 
and let X be an H-irreducible Stein G-space where H is an algebraic subgroup of G. Note that X is 
also G-irreducible. We want to combine the results of the previous two sections in order to prove 
that geometric quotients for the H-action exist on Zariski-open dense subsets of X. 

We introduce some notation in order to prepare the proof of statements (l)-(3) of the Main The- 
orem. Let cp : X — > V be the weak equivariant embedding constructed in Proposition I5.2I and let 
Smax be the maximal slice-type stratum in X// G. Since the induced map cp: X// G —¥ V // G is in 
particular proper, <^(S^ ax ) is an analytic subset of V // G and the set V max = V \ rcy 1 (<^(S^ ax )) is 
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analytically Zariski-open in V. Let Y be the algebraic Zariski-closure of (p(X) in V. The preim- 
age X max = 7r _1 (S ma x) is analytically Zariski-dense in X, hence the algebraic Zariski-closure of 
</>(X max ) coincides with Y. Note furthermore that Y is H-irreducible. 

In summary we have found a G-equivariant map cp : X — > Y into an H-irreducible affine variety Y 
which is a proper embedding from X max into Y max := Y n V max . Since the G-action on Y is algebraic 
we may now apply classical results on algebraic transformation groups and transport them to X 
via (p. 

By Rosenlicht's Theorem, see Theorem |2.31 there exists an algebraically Zariski-open H-irreducible 
subset Qy of Y that admits an algebraic geometric quotient py: Qy -4 Qy/H by the H-action. 
In the next step we will shrink Qy in order to improve the properties of py and of fly/ H. Note 
that the set where py is a submersion is an H-invariant algebraically Zariski-open subset of Qy; 
shrinking Qy we may assume that py is a submersion. Repeating this procedure if necessary we 
may also assume that Oy and Oy/ H are smooth and that Oy/ H is affine. Finally using ||Ver76l 
Cor. 5.1] we may furthermore suppose that py: Qy — >■ Qy/H is a topological fibre bundle with 
respect to the complex topologies of Qy and Qy/ H. Note that we still have </>(X max ) n Qy ^ 
since Qy is algebraically Zariski-dense in Y. 

After these preparations we are now in the position to prove the existence of a geometric H- 
quotient on a dense Zariski-open subset of X: 

Proposition 6.4. Let X be an H-irreducible Stein G-space where H is an algebraic subgroup of G. Then 
there exist a Zariski-open dense H-invariant subset CI of X and a holomorphic map p : Q — > Q to an 
irreducible Stein space Q that is a geometric quotient for the H-action on Q and additionally possesses the 
properties listed under (2) and (3) in the Main Theorem. 

Proof. We use the notation introduced above. We first define the desired set Q. To this end, let 
n : Y — > Y//G denote the Hilbert quotient of the G-action on Y and note that, since Y//G is an 
affine variety and thus a Stein space, we may find a non-constant function / € &y//g{Y// G) which 
vanishes on (p(S c max ). Consequently, (Y//G) \ {/ = 0} is an analytically Zariski-open Stein subset 
of Y II G. Let U be its inverse image under n in Y and define 

Q := ^(LZnQy) C X. 

By construction, Q is an H-irreducible analytically Zariski-open dense subset of X contained in 
X max - Moreover, we define 

(6.1) p := py o (0| n ) : Q -> Q : = p Y (</>(Q)) c Qy/H. 

Since (p : X max — ► Y max is a closed embedding, its image is an analytic subset of Y max biholomorphic 
to X max . Since the analytically Zariski-open subset Q C X is contained in X max , the image </>(Q) 
equals the analytic subset </>(X max ) n U D Qy of U D Qy and (p\a : Q — > </>(Q) is biholomorphic. 

By construction the map py : Qy — >■ Qy / H is a submersion, hence Lemma [6!2l applies to show that 
Py(<P(C1)) = Q is an analytic subset of py(H D Qy) and that p: Q — > Q is a geometric quotient 
for the H-action on Q. Moreover, p : Q — > Q is a submersion and a topological fibre bundle; both 
properties are inherited from py. Together with another application of Lemma 16^21 this shows the 
properties listed under (2) and (3) in the Main Theorem. 

The proof is completed by showing that Q is a Stein space: Since Q is an analytic subset of py (U n 
Qy), for this it suffices to prove that py(H fl Qy) is a Stein open subset of Qy/H. Recall that 
U = 7i~ 1 ({f 7^ 0}) = {tc* f 7^ 0} by definition. Since (7r*/)|o y is H-invariant, there is a function 
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f G <^ciy/h(^y/H) such that 7i*f\n y = p\f. It follows that p Y {U n fly) = {/ ^ 0} C Qy/H, and 
consequently py (H n Oy) is a Stein open subset of the Stein space fly/ H. □ 

Thus, we have shown the existence of a geometric H-quotient with the properties listed in parts 
(1) - (3) of the Main Theorem under the assumption that X is H-irreducible. Combining this with 
the observation noted in Section |6"7fl parts (1), (2), and (3) of the Main Theorem are proven. 

7. Pushing down meromorphic functions 

In this section we will prove that the geometric quotient p : fl — » Q constructed in the previous 
section additionally has the properties stated in parts (4)-(6) of the Main Theorem, thus completing 
its proof. Before we do this in Section 17.21 we give a criterion in terms of meromorphic functions 
for a densely defined holomorphic map to extend to a weakly meromorphic map. 

7.1. Meromorphic functions and weakly meromorphic maps. The following lemma is concerned 
with the relation of Definition 12 .5 1 to meromorphic functions. It will be used in the proof of part (4) 
of the Main Theorem in the next subsection. 

Lemma 7.1. Let X be a complex space, A C X a nowhere dense analytic subset, Y C U C C N an 
analytic subset of an analytically Zariski-open subset U in C N , and z\,...,z^ linear coordinates on C N . Let 
tp: X\A — > C N be a holomorphic map with <p(X \ A) C Y. Assume that <p* (zf) extends to a meromorphic 
function on Xfor all j = 1, . . . , N. Then, (p : X \ A — > Y is weakly meromorphic. 

Proof. We consider the compactification O n = (Pi) N of C N , the so-called Osgood space. By as- 
sumption, fj := (p*(zj) is a meromorphic function on X for all j = 1,...N. Hence, by [Rem57, 
Satz 33] the map (p: X —* O n is a meromorphic map in the sense of Remmert and therefore in 
particular also weakly holomorphic. Since <p(X \ A) C Y, the map q> is still weakly meromorphic 
after restricting the range to Y, see MSto58a[ Satz 3.13]. □ 

7.2. Completing the proof of the Main Theorem. For the reader's convenience we recall parts 
(4)-(6) of the Main Theorem in the following 

Proposition 7.2. Let H < Gbe an algebraic subgroup of a complex-reductive Lie group G and let X be an 
H-irreducible Stein G-space. Let p: fl — > fl/H be the geometric quotient constructed in Proposition \6.4\ 
Then, 

(4) the quotient map p: fl — > fl/H extends as a weakly meromorphic map to X, 

(5) for every f G ^#x(X) H there exists a unique f G ^#o/H(fl/H) such that f\a = p*f, and 

(6) the H-invariant meromorphic functions on X separate H-orbits in fl. 

Remark 7.3. Since p: fl —¥ fl/H is an open holomorphic map, the pull-back p* from ^#Q/ H (fl/ H) 
to .y#n(fl) H is well-defined and, as the proof of Proposition l7.2l will show, an isomorphism. 

Proof of Proposition \7.2\ In order to prove the first claim recall from Section [631 that by construction 
Q/H is an analytic subset of an analytically Zariski-open subset of an affine variety Q and that 
py : fly — >■ Q is the algebraic geometric quotient whose existence is guaranteed by Rosenlicht's 
theorem. In particular the quotient map py extends as a rational map to Y. Let us choose an 
embedding of Q into a finite dimensional complex vector space V and let {z\, . . . ,zn) be linear 
coordinates in V. These induce invariant rational functions PyZj, j G {1, . . . ,N}, on Y. Since 
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<p~^(A) is a nowhere dense analytic set in X for every nowhere dense algebraic set A C Y, the 
pull-back (p*PyZj = V* z j * s a rneromorphic function on X for every /, see |GR84, Chapter 6.3.3]. 
Thus by Lemma ITU the map p = (p*Z\, . . . , p*z^) extends as a weakly rneromorphic map to X. 

For the second claim let / G ^#x(X) H be given. By abuse of notation we denote by / also its 
restriction to Cl and thus have / G ^ci(Q) H . Recall that / is holomorphic on dom/ = Q \ 
Pt. Applying Lemma |6.2| we see that Pt := p(Pf) is a nowhere dense analytic subset of Cl/H. 
Since P := p x idpj : O x Pj -> (Cl/H) x Pj is a geometric quotient for the H-action on Q x P^ 
Lemma [672] implies that P(Tf) =: If is an analytic subset of (Cl/H) x Pi. We will prove that it is a 
rneromorphic graph. 

We summarise our setup in the following diagram. 



n x Pi ■*■ 

p 

(Cl/H) x P a 



/ 



tt- Pn/H 



/ 



Q/H. 



First, we note that Pfy H (Pf) = P{Pa l (Pf)) is a nowhere dense analytic subset of T^. Moreover, the 
restriction of / to dom(/) is holomorphic, and hence there exists a uniquely defined holomorphic 
function / on the open subset p(dom/) = (Cl/H) \ Pt such that p*f = /|dom/- It follows from 
the construction that over p(dom/) the graph of / coincides with Tf. In summary we have shown 
that T f is a rneromorphic graph over Cl/H. Consequently, there exists a rneromorphic function 
/ G J^clIh(C1IH) such that = If. By construction this function fulfills p*f = / G J(ci(Cl)- 

Finally, for the proof of property (6) let H • x and H • y be two orbits in Q. Then there exists a 
1 < j < N such that p*Zj(x) ^ p*Zj(y). By the same argument as above p*Zj yields an H-invariant 
rneromorphic function on X which separates H • x and H • y. □ 

Applying the observation from Section [6Tl in order to remove the assumption of H-irreducibility 
finally completes the proof of the Main Theorem. 
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